Abstract. We prove the uniqueness, the functoriality and the naturality of cylinder objects and path objects in closed simplicial model categories.
Introduction
In [Qui67] , Quillen introduces the closed model category. It is a category where one can do a homotopy theory. In the first chapter, he sets up a general theory of closed model categories. In the second chapter, he studies the closed simplicial model category. They are closed model categories enriched in the category sSet of simplicial sets with two additional properties. Two basic notions in the closed model category are the cylinder object and the path object. They have no functorial properties in general.
Quillen also defines the cylinder object and the path object in the closed simplicial model category.
1 In fact, he defines them in the simplicial category. We refer to Definition 2.8 for the definition of the map ev K,X . Definition 1.1. Let S be a simplicial category. Let X ∈ S and K ∈ sSet.
(1) We call the following triple a cylinder object of X over K, or simply a K-cylinder of X. 
and
commute.
Our final result is the naturality.
Theorem 1.4. Let S be a simplicial category. We assume that, for every X ∈ S and K ∈ sSet, a K-cylinder of X and a K-path of X exist. 
Remark 1.5. Every result in this note is valid when sSet is replaced by the category of the finite simplicial sets.
Notation.
• we use sSet for the category of simplicial sets • we use σ • we use • for the composition of arrows in simplicial categories.
Review on Simplicial Category
In this section, we recall the simplicial categories and state some of their basic properties without proofs. For references, we refer to [GZ67] , [Qui67] and [GJ99] .
2.1. The Axioms. A simplicial category is a category enriched in the category sSet of simplicial sets. Here, we use the following equivalent definition in [Qui67] , which is convenient for us to prove the results stated in section one.
Definition 2.1. A simplicial category is a category S with the following structure S1-S3 satisfying S4 and S5. S1: 
Remark 2.2. Let S be a simplicial category. If X, Y, Z ∈ S, then
2.2. sSet as a Simplicial Category.
Definition 2.4 (S1). Let X, Y, Z ∈ sSet.
(1) We define an object sSet(X, Y ) of sSet by
Definition 2.5 (S2). Let X, Y, Z ∈ sSet. We define a morphism
Definition 2.6 (S3). Let X, Y ∈ sSet. We define a morphism
Lemma 2.7. sSet with the structures in Definition 2.4 -Definition 2.6 is a simplicial category.
2.3. ev X,Y and ♯.
Definition 2.8. Let X, Y ∈ sSet. We define a morphism
Definition 2.11. Let K, X, Y ∈ sSet. We define a morphism
I.e.,
Lemma 2.12. For every K, X, Y ∈ sSet, ♯ K,X,Y in Definition 2.11 is an isomorphism and natural in K, X and Y . Remark 2.13. In this note, we only use the fact that ♯ K,X,Y is an isomorphism.
Proofs
Lemma 3.1. Let S be a simplicial category. Let
The following lemma is an immediate consequence of Lemma 3.1.
, then the following conditions are equivalent.
is a commutative diagram.
We assume that a K-cylinder and a L-cylinder of X exists. Since φ K,X,X⊗L is an isomorphism, given any u ∈ sSet(K, L) there exists a unique morphism f ∈ S(X ⊗ K, X ⊗ L) satisfying the equivalent conditions of Lemma 3.2. We denote this morphism with
In other words, we have the following commutative diagram.
The following lemma is also an immediate consequence of Lemma 3.1.
(
Definition 3.5. Let S be a simplicial category. Let K ∈ sSet. Let X, Y ∈ S. We assume that a K-cylinder of X and a K-cylinder of Y exist. Since φ K,X,Y ⊗K is an isomorphism, given any u ∈ S(X, Y ) there exists a unique morphism f ∈ S(X ⊗ K, Y ⊗ K) satisfying the equivalent conditions of Lemma 3.4. We denote this morphism with
holds. I.e.,
Proof. It follows from the commutative diagram (3.2).
Lemma 3.7. Let S be a simplicial category. Let K ∈ sSet. Let X, Y, Z ∈ S. We assume that K-path of X exists. If two morphism
The following lemma is an immediate consequence of Lemma 3.7.
Lemma 3.8. Let S be a simplicial category. Let K, L ∈ sSet. Let X ∈ S. We assume that a K-path of X and a L-path of X exist. If u ∈ sSet(K, L) and f ∈ S(X L , X K ), then the following conditions are equivalent.
Definition 3.9. Let S be a simplicial category. Let K, L ∈ sSet. Let X ∈ S. We assume that a K-path of X and a L-path of X exist. Since ψ K,X L ,X is an isomorphism, given any u ∈ sSet(K, L), there exists a unique morphism f ∈ S(X L , X K ) satisfying the equivalent condition of Lemma 3.8. We denote this morphism by
The following lemma is also an immediate consequence of Lemma 3.7.
Lemma 3.10. Let S be a simplicial category. Let K ∈ sSet. Let X, Y ∈ S. We assume that a K-path of X and a K-path of Y exist. If u ∈ S(Y, X) and f ∈ S(Y K , X K ), then the following conditions are equivalent.
Definition 3.11. Let S be a simplicial category. Let K ∈ sSet. Let X, Y ∈ S. We assume that a K-path of X and a K-path of Y exist. Since ψ K,Y K ,X is an isomorphism, given any u ∈ S(Y, X), there exists a unique morphism f ∈ S(Y K , X K ) satisfying the equivalent condition of Lemma 3.10. We denote this morphism with
Lemma 3.12. Let S be a simplicial category. Let K ∈ sSet. Let X, Y ∈ S. We assume that a K-path of X and a K-path of Y exist. If u ∈ S(Y, X) and
Proof. It follows from the commutative diagram (3.3). Now we give the proof of Theorem 1.2.
Proof of Theorem 1.2.
(1) Since φ K,X,X⊗ ′ K is an isomorphism, by Lemma 3.1, there exists a unique morphism f ∈ S(X ⊗ K, X ⊗ ′ K) making
(2) Since ψ K,X,X K ′ is an isomorphism, by Lemma 3.7, there exists a unique morphism f ∈ S(X K ′ , X K ) making
Next, we give the proof of Theorem 1.3.
Proof of Theorem 1.3.
(1) Let X, Y, Z ∈ S. Let K, L, M ∈ sSet. For every u : K → L and f : X → Y , we have already defined X ⊗ u and f ⊗ K.
(a) X ⊗ (−) is a functor: Let u ∈ S(K, L) and v ∈ S(L, M ). Then by the uniqueness of X ⊗ (v • u),
holds. Similarly, by the uniqueness of X ⊗ id K ,
(b) (−) ⊗ K is a functor: (i) Let u ∈ S(X, Y ) and v ∈ S(Y, Z). Since S(−, −) is a functor, the parallelogram at the bottom of the following diagram is a commutative diagram.
By Lemma 3.4, the rest also commute. Therefore,
is a commutative diagram. Then, by the uniqueness of (v • u) ⊗ K,
(ii) Since S(−, −) is a functor,
is also commutative diagram. Then, again by the uniqueness of id X ⊗K,
Every face commutes except possibly the right one. So,
Then, by Lemma 3.1
(2) (a) X (−) is a functor: Let u ∈ S(K, L) and v ∈ S(L, M ). By the uniqueness of X
holds. Similarly, by the uniqueness of X idK ,
K is a functor: (i) Let u ∈ S(Y, X) and v ∈ S(Z, Y ). Since S(−, −) is a functor, the parallelogram at the bottom of the following diagram is a commutative diagram.
(c) (−)
(−) is a bifunctor: Let u ∈ sSet(K, L) and f ∈ S(Y, X). S(−, −) functor. Consider the following commutative diagram.
Then by Lemma 3.7
Finally, we prove Theorem 1.4.
Proof of Theorem
. By Lemma 2.12, we need to show that
By the definition of ♯ and φ K,X,Y , the dotted arrows of the following diagram computes
(ii) By Lemma 2.10 and the definition of φ L,X,Y , the following diagram commutes.
Thus, the dotted arrows computes
Then, by S5 and Lemma 3.2,
Therefore, by (i), (ii) and (iii), (3.4) holds.
(b) φ K,−,Y : Let u ∈ S(W, X). By Lemma 2.12, we need to show that (iii) Let k n ∈ K n and f n ∈ S(X ⊗ K, Y ) n . By S5 and Lemma 3.6,
Therefore, by (i), (ii) and (iii), (3.5) holds.
(c) φ K,X,− : Let u ∈ S(Y, Z). By Lemma 2.12, we need to show that
holds where
O O (i) By the definition of ♯ and ψ K,Y,X , the dotted arrows of the following diagram computes
(ii) By Lemma 2.10 and the definition of ψ L,Y,X , the following diagram commutes.
Then, by S5 and Lemma 3.8,
is a commutative diagram. Therefore, by (i), (ii) and (iii), (3.7) holds. (b) ψ K,−,X : Let u ∈ S(Y, Z). By Lemma 2.12, we need to show that
By the definition of ♯ and ψ K,Y,X , the dotted arrows in the following diagram computes Then, the dotted arrows computes ♯(sSet(K, S(u, X)) • ψ K,Z,X ).
(iii) Let k n ∈ K n and f n ∈ S(Z, X K ) n . By S5, (iii) Let k n ∈ K n and f n ∈ S(Y, W K ) n . By S5 and Lemma 3.12,
Then,
is a commutative diagram. Therefore, by (i), (ii) and (iii), (3.9) holds. (3) follows from (1) and (2).
